We propose an algorithm of extracting Schrödinger theories under all viable physical time from the Einstein-Hilbert path integral, formulated as the timeless transition amplitudesP : Recovering the famous singularity-free quantum gravitational dynamics with the background of the scalar field, we also obtain in another reference frame a modified KleinGordon field quantum dynamics with the background of the spatial (quantum) geometry.
I. INTRODUCTION
The Fadeev-Popov path integral of the Einstein-Hilbert action plays a conceptually central role in background-independent quantum gravity, for both the covariant [1] [2] [3] and canonical [5] [6] formulations.
Remarkably, recent works [7] [8] [9] have reached beyond formal definitions of this path integral, prescribing it rigorously in either calculable analytic forms or perturbation expansions. In such exact prescriptions, the integral becomes an operatorP : K → K * from a kinematic Hilbert space K to its algebraic dual space. It has Hermitian matrix elements P |ψ f , |ψ i ≡ P · ψ f |ψ i giving the value of the integral between the boundary states ψ f , ψ i ∈ K. It satisfies the quantum constraint equations P Ĉ µ |ψ f , |ψ i = P |ψ f ,Ĉ µ |ψ i = 0 imposed by a set of quantum constraint (field) operators {Ĉ µ : K → K} representing the system of scalar and momentum constraints in canonical general relativity. Particularly, the constraint equation corresponding to the scalar constraintsĈ 0 is known as the Wheeler-DeWitt equations [10] . In both of the covariant and canonical formulations, the unitary quantum dynamics is expected to emerge from this operatorP.
Based on the previous line of works [11] [12] [13] , this paper is devoted to finding a fundamental relation between the unitary dynamics and the elements ofP, the precise values of which are becoming accessible to us. Let us now introduce such an idea by reviewing the roles ofP in the two formulations.
In the covariant formulation [1] [2] [3] , the operatorP plays the role of the "superspace transition amplitudes" [14] , which differ from the usual propagators in a given physical time. In the quantization of a usual Hamiltonian theory with a fixed background spacetime decoupled from the dynamical fields, the corresponding path integral would satisfy a Schrödinger equation and yield the unitary propagator for the dynamics. This is not the case with the path integral of the Einstein-Hilbert action [15] , which is for the fully interacting gravity and matter fields. Without a fixed background spacetime, the notion of physical time here has to come from a chosen proper set of the interacting degrees of freedom in K serving as a relational background. This background would be represented by a set of operators we denote as {T µ }. Accordingly, the rest of the degrees of freedom are then treated as dynamical and are represented by a set of operators we denote as {X I } (conjugate to {P I }). A physical time t may be fully specified by referring to the background values at each moment as a set of given functions {T µ (t)}. This way, we expect the evolution in along t to be given by the relevant elements P |T µ (t ′ ), X ′ I , |T µ (t), X I , as a transformation in the X I sector of K. However, according to the Wheeler-DeWitt equation, this transformation turns out to be nonunitary [15] except for very few special cases. On the other hand, if {T µ (t)} properly gauge fixes a sector of the physical states, such that they become coordinatized by (X I , P I ) at each t, it is known that general relativity in this sector can be formulated as a usual Hamiltonian theory in the reduced phase space (X I , P I ) under one fixed notion of physical time t. In the reduced phase space quantization approach [16] , one simply quantizes this Hamiltonian theory with the physical time specified at classical level. There exist many studies [15] [17] [18] relating the Fadeev-Popov path integral P |T µ (t ′ ), X ′ I , |T µ (t), X I to the corresponding reduced phase space path integral which gives a unitary propagator. From detailed semiclassical analysis [15] [19] , it is known that the former may be converted into the latter through multiplying the former's integrand by certain boundary factors, in the form of path functionals Λ(X ′ I , P ′ I ; t ′ ) and Λ(X I , P I ; t) depending only on the end point variables at t ′ and t. A desirable goal in this line is to go beyond semiclassical level, for a general rule of such conversions, which would then generate fromP exact Schrödinger theories in the various choices of the physical time.
In the canonical formulation via the refined algebraic quantization [5] [6] [20] ,P is called the rigging map and it serves as a generalized kernel projector for the quantum constraints {Ĉ µ }. Its image H ⊂ K * gives the physical Hilbert space, and its elements naturally define the physical inner product in H. Explicitly, the inner product between two physical states { |Ψ 1 ) ≡P |ψ 1 , |Ψ 2 ) ≡ P |ψ 2 } ⊂ H is defined by [20] (Ψ 1 |Ψ 2 ) ≡ P |ψ 1 , |ψ 2 .
(I.1)
Note that the dynamics has to emerge from these physical states which are constructed without any notion of time [21] . Perhaps one of the most predominant and persuasive methods for dealing with this problem is through the relational observables [22] [23] [24] [25] [26] . In a proper region of the classical phase space where the mentioned reduced phase space theory can be defined, one can define the gauge-invariant phase space functions {X I (T µ (t))} as the relational observables having the values of {X I } taken at the point with T µ = T µ (t) in each constraint orbit. If treated correctly, the dynamics described by {X I (T µ (t))} should be the same [16] as the one given by the reduced phase space Hamiltonian theory. For our timeless canonical quantum theory, one may expect the quantum dynamics to be given by the quantized relational observables X I (T µ (t)) : H → H.
Here, the difficult task is in the explicit construction of these quantum observables. At the classical level, the relational observables are highly nonlinear in the phase space coordinates, and so their quantization faces complicated ambiguities. The existing literature [26] [17] for constructing these quantum observables mainly follows the two guidelines to constrain the ambiguities, namely the requirements of the commutativity with {Ĉ µ } and the self-adjointness in H. While much progress has been achieved in the existing works, we note that the "elementary" relational observables for a Schrödinger theory demand stronger properties; particularly, { X I (T µ (t))} together with { P I (T µ (t))} have to satisfy a time-independent elementary algebra, in order to provide the fixed complete set for a Schrödinger theory. Such stronger demands call for a deep quantum construction principle for the relational observables.
We now observe that the covariant and canonical formulations compliment each other in the described perspectives, such that the problem of unitary evolution can be resolved by reconciling the two formulations. In the canonical formulation, for the moment, assume that for each value of t we have { X I (T µ (t))} as a complete set of relational observables for some subspace D ⊂ H so that we have an orthonormal eigenbasis {|X I (T µ (t))} for D. Recalling that X I (T µ (t)) represents X I taken at the moment when the background has the values {T µ (t)}, we naturally expect its eigenstate to be of the form {|X I (T µ (t)) ≡PΛ |X I , T µ (t) }, where the possible correctionΛ ≡Λ(X i ,P i ,T µ )
would commute withT µ so as not to disturb the specified value of the background. Since by assumption {|X i (T µ (t))} of each t gives an orthonarmal basis for D, we immediately obtain a unitary evolution (in a generalized Heisenberg picture) describing any physical state Ψ ∈ D. The elements of this unitary propagator according to (I.1) are given by P Λ |T µ (t ′ ), X ′ I ,Λ |T µ (t), X I . From our previous discussion, this propagator should be obtainable from the reduced phase space path integrals for the chosen background. Indeed, it agrees with the mentioned semiclassical relation with the corresponding Fadeev-Popov path integral P |T µ (t ′ ), X ′ I , |T µ (t), X I ; only here, the boundary factors are represented by the exact operatorsΛ. From this point of view, obtaining the Schrödinger propagator in the covariant formulation may be equivalent to finding the elementary relational Dirac observables in the canonical formulation. They would both be solving for the same operatorΛ.
In this paper, we present a calculation algorithm for this framework and demonstrate its fundamental principle. Under a choice of {T µ } and {T µ (t)}, the input of the algorithm is just the relevant elements {P |T µ (t ′ ), X ′ I , |T µ (t), X I } assumed to be calculable. The output of the algorithm gives us (1) whether the specified background provides a valid notion of time and, (2) if yes, the space D ⊂ H and the Schrödinger wave functions Ψ[X I ](t) describing the evolution of each Ψ ∈ D in this physical time. Particularly, the output 1 contains the formulation of the exact criteria of a physical time at the deep quantum-level, and the output 2 implicitly determines the exact forms of the observables { X I (T µ (t)), P I (T µ (t))} and of the physical Hamiltonian. Subsequently, the outputs also yield transformations between two Schrödinger representations of the same physical state. From these, we obtain the notion of variable quantum reference frames.
We will illustrate this algorithm by applying it to the well-known FRW loop quantum cosmology [27] [28] with a massless Klein-Gordon scalar field. We will first derive the famous singularity-free quantum evolution of gravity in the scalar field background; then, for a new result we will show that the same model also gives quantum dynamics of the Klein-Gordon field in the background of the quantum spatial geometry. In their overlaping domain, the two dynamics are equivalent through a transformation of the quantum reference frames.
II. CALCULATION ALGORITHM AND UNDERLYING PRINCIPLE
Suppose we have the transition amplitudesP : K → K * that solves the quantum constraints {Ĉ µ } and we denote a complete set of self-adjoint operators for K as {X i } with their conjugate momenta being {P i }.
Depending on the type of dynamics one wishes to describe, one first divides the degrees of freedom in K into two commuting sectors: a background sector and a dynamical sector. Explicitly, if one wishes to derive the quantum dynamics of the sector {(X I ,P I )} ⊂ {(X i ,P i )}, one is led to choose the remaining set {(X µ ,P µ )} ≡ {(X i ,P i )} − {(X I ,P I )} as the background sector. A physical time t defined using this background sector is specified by a chosen set of background field operators {T µ =T µ (X ν ,P ν )} and a given set of functions {T µ (t)} over t taking values in the spectra of {T µ }. The set of functions {T µ (t)} then specifies a one-parameter family of kinematic eigenspaces {S t } ≡ Span{|T µ (t), X I }, among which the relevant transition amplitudes are to be taken.
To extract the dynamics in this background time, we introduce a general S t -preserving operator Λ(X I ,P I ,T µ ) : S t → S t and look for the assumed reduced phase space propagator
For more transparent expressions, we introduce three square matrices P t ′ ,t , Λ t and K with their matrix elements defined by
Here, the K represents the dynamical part of the factorized kinematic inner product
Using these matrix notations, we perform the following steps:
1. Calculate the relevant transition amplitudes {P t ′ ,t (X ′ I , X I )} with arbitrary t ′ and t.
2. Use the P t,t to solve for aΛ satisfying T t,t (X ′ Λ I , X Λ I ) = X ′ I |X I , which in our matrix notation can be written as
A specific solution Λ t for every t then yields one specific solution forΛ. If there is no solution for Λ t , the t cannot be a physical time and the assumed Schrödinger theory does not exist.
3. Use a found solutionΛ and check if the assumed propagator T t 1 ,t 2 (X ′ Λ I , X Λ I ) gives a unitary evolution along t in the dynamical sector of K, that is, whether
holds for the matrices. When the above unitarity condition is not satisfied, the assumed Schrödinger theory does not exist and the t cannot be a physical time. When the unitarity is satisfied, one obtains the reduced phase space propagator of a Schrödinger theory with the physical time t, with {(X I ,P I )} as a conjugate pair of complete set observables. One may then derive from the propagator the physical Hamiltonian in terms of {(X I ,P I )}.
We now show that all the Schrödinger theories obtained through the above algorithm are unified in a single (generalized) Heisenberg picture. This Heisenberg picture is provided by the Dirac theory constructed through the refined algebraic quantization procedure, withP : K → H ⊂ K * serving as the rigging map. 
This desirable form is such that
thus the observables have the algebra and spectrum identical to their kinematic counterparts'.
Further, an orthonormal eigenbasis for D t of these Dirac observables, satisfyingX
Therefore, we have
In the last step of the algorithm, we examine the unitarity of the matrices ( X 
Now it is clear that this unitarity implies
evolving in the physical time t with the propagator given by (II.2). Lastly, a breakdown of the unitarity in ( X
and that the quantum Cauchy surfaces along t do not provide a global hyperbolic foliation to a fixed set of quantum spacetimes.
The full set of solutions for (II.1) and (II.2) is given by the "left-unitary" class of any given solutionΛ; the set is generated byΛ ′ =ÛΛ with an arbitrary left-unitary transformation U (X I ,P I ,T µ ) : S t → S t . These transformations really are the canonical transformations in a usual quantum theory. To see this, suppose we switch from using theΛ to using theΛ ′ for our observables (II.3). It follows from (II.4) that the replacement is equivalent to a unitary redefinition of observables, because we have
The real task here is to understand the physical meaning of (X Λ I (t) ,P Λ I (t) ) given by a particular Λ, such as the classical limits of these observables. Indeed, our algorithm is based on quantum-level considerations; in order to find a Schrödinger theory with a certain desired classical limit, we need to choose the background fields {T µ } such that the corresponding observables (II.3) can truly represent the needed classical relational observables. Such choice of the background fields requires instructional guidance based on classical intuitions. Here, let us put forth one such guidance coming from the following simple consideration.
Suppose the Schrödinger theory with the physical time t discussed above has a classical limit of a Hamiltonian dynamics in the reduced phase space {(X I , P I )}, under the assigned background value T µ (t). This means at any moment t 1 the observable's values (X I , P I )(t 1 ) together with the background value T µ (t 1 ) must correspond to a unique point (X I , P I , X µ , P µ )(t 1 ) on the constraint surface in the original phase space, thereby resolving the well-known Gribov ambiguity. Suppose we have specifically chosen the frame in which {X µ } has certain specified values {X µ (t)}; then, our consideration implies that the background field should be chosen as
Here, the Θ(x) is the Heaviside step function, and g(X ν , P ν ) is a phase space function satisfying g > 0 on the constraint surface only in the region where the mentioned one-to-one correspondence holds. Clearly, the proper function g(X ν , P ν ) can be determined by studying the constraints {C µ }, and this way, the condition T µ (t) = t = 0 excludes automatically the regions of the constraint surface containing the additional Gribov copies. We are thus instructed to choose our quantum background fields to beT µ = Θ(ĝ(X ν ,P ν ))X µ + O( ). Note that the above consideration is based on the uniqueness of the dynamical trajectory, a form of the "classical unitarity" condition. Thus, we expect the quantum unitarity (II.2) imposed by our algorithm to agree with this choice ofT µ up to an error of O( ), and then the exact quantum unitarity should serve to further constrain the form ofT µ in the quantum-level.
For the Schrödinger dynamics of a different set of fields {(X I , P I )}, we would use the physical time based on another complete set decomposition {(
Again, we choose the reference frame by choosing the background fields {T µ (X µ ,P µ )} with the values {T µ (τ )} over the physical time τ . This may lead to another Schrödinger theory describing the physical states in D ′ ⊂ H. Then, any physical state Ψ ∈ D ′ ∩ D can be described in both reference frames and represented as either Ψ[X I ] Λ (t) or Ψ[X I ]Λ(τ ). The transformation between the two wave functions is the transformation between the two quantum reference frames, associated with the two families of quantum Cauchy surfaces.
Lastly, we note that the background field operatorsT µ coordinatize a physical time with the specified values T µ (t). They thus play a role fundamentally different from that of the operatorŝ X I , which represent the dynamical observables at each moment of time. Consequently, these operators are not required to be self-adjoint, but instead they have to satisfy the condition of capturing a true physical time. Concretely, the condition is the solvability of Eqs. (II.1) and (II.2) for theΛ. Indeed, we have seen its physical meaning: the background field values must specify quantum Cauchy surfaces that provide globally hyperbolic foliations to the set of quantum spacetimes fluctuating in the dynamical degrees of freedom.
III. REFERENCE FRAMES IN SPATIALLY FLAT FRW LOOP QUANTUM COSMOL-OGY
We now demonstrate the algorithm by applying it to the FRW loop quantum cosmology [28] [27]-a quantum cosmological model on the homogeneous and isotropic sector of general relativity incorporating the essential features of loop quantum gravity. We will work in the spatially flat case with zero cosmological constant, and with a minimally coupled massless Klein-Gordon scalar field.
Restricting to the homogeneous and isotropic sector of general relativity described in the comoving frames that manifest the symmetry, we obtain our kinematic phase space canonically coordinatized by (c, p, φ, P φ ), with all the components taking values from R. The gravitational sector is described by (c, p), the symmetrically reduced Ashtekar variables [29] , which provide the extrinsic curvature K and the scale factor a of space through γK = V −1/3 c and a = V −1/3 |p|;
here V is the coordinate volume of a chosen spatial comoving cell, and the real number γ is known as the Barbero-Immirzi parameter [29] . Note that a change in the value of γ corresponds to a rescaling of the Ashtekar variables. For the scalar field sector, φ and P φ represent the field value in the comoving space and the field's total conjugate momentum in V. The nontrivial Poisson brackets among these variables are given by {c, p} = 8πGγ 3
and {φ, P φ } = 1. Under the partial gauge fixing with the comoving frames, the full diffeomorphism symmetry of general relativity is reduced to the one-dimensional diffeomorphism invariance in the comoving temporal coordinate.
Consistently, the full constraint system is also simplified to just one reduced scalar constraint
Here and in the following we set the speed of light to be unity. The constraint governs both the initial data and the dynamics, and predicts the initial bigbang singularity whenever the conserved P φ is nonzero.
A. Kinematic Setting
Inspired by loop quantum gravity, the FRW loop quantum cosmology starts by reformulating the standard classical theory above, describing the extrinsic curvature using a holonomy variable [28] [27]
This variable carries the meaning of the integral of the extrinsic curvature along an arbitrary geodesic in the space, which has the given physical length √ ∆. The ∆ represents the minimum nonzero value of the spatial area spectrum predicted by loop quantum gravity, and so this variable has the natural meaning of a holonomy over a minimal geodesic in the quantum geometry of space. The new conjugate pair for the gravitational sector is then chosen to be (N 2μ , v), where
. This formulation provides a direct analogy to the full theory of loop quantum gravity, which then suggests treating the original constraint C g (c, p) as given by
mimicking the regularized scalar constraint in the full theory [29] and the value of ∆ set to be ∆ ∼ l 2 p . Given that lim lp→0 C g (c, p) = C g (c, p), C g is chosen to be the classical scalar constraint we quantize in the FRW loop quantum cosmology.
Standard canonical quantization of the model formulated with the holonomy variable leads to our kinematic Hilbert space; in this paper we follow the specific prescription given in Ref. [28] .
The holonomy variable is quantized into an excitation operatorN 2μ acting on the eigenstates ofv
This crucial algebra allows a superselected kinematic sector with a discretized volume spectrum characterizing the quantum spatial geometry similar to the one in the full theory. Another gravitational operatorΩ is introduced for givingĈ g ≡ −6 γ 2Ω 2 , and it is defined aŝ
We also introduce the operator operatorb canonically conjugate tov, which satisfieŝ
It has normalized eigenstates of the discrete Fourier modes over v given by
Lastly, the operators in the Klein-Gordon sector are constructed in the conventional Fock representation, withφ andP φ being, respectively, a multiplicative and a differential operator on a wave function over R that is the spectrum ofφ.
Our kinematic Hilbert space K is then chosen to be a self-adjointness domain of the operators {p,Ω,φ,P φ }, and it is given by 1
with the inner product given by
In our algorithm's notation, we may write, for example, {X i } = {p,φ} and {P i } = {Ω,P φ }.
The self-adjoint quantum scalar constraint operator is constructed to bê
and the rigging map P : K → K * , as a precise formulation of the Fadeev-Popov path integral for this model, is given byP
The "minisuperspace" transition amplitudes given by thisP satisfy the symmetry-reduced WheelerDeWitt equations, so the path integral faces the same problem of unitary physical evolution just like in the full theory.
A prevailing approach for obtaining Schrödinger dynamics from Wheeler-DeWitt cosmological models is introducing the physical inner product via a conserved current operator [30] , which has zero divergence in the minisuperspace according to the reduced Wheeler-DeWitt equation.
With each choice of a certain quantum variable as the background labeling the physical time, the corresponding "time component" of the current operator can be used to construct a timeindependent inner product between the solutions having proper boundary conditions. Just as in a usual quantum theory, the ambiguities of fixing the inner product in this approach are constrained by the requirements of the physical inner product: it should be Hermitian and giving non-negative norms, and it should promote the dynamical complete set in K into physical observables at an instant of time. The paradigmatic treatment of loop quantum cosmological models essentially adopts this approach [31] [27] [28] while focusing on the gravitational dynamics. Particularly in our FRW setting, the scalar field has been used as the background, and the time component of the conserved current definining the inner product is just the canonical momentum of the scalar field [31] . The obtained results, with anisotropic and inhomogeneous generalizations, show important and robust quantum gravitational corrections [28] [27] to the dynamics which dominate the early Universe and replace the initial singularity with a regular bouncing at a characteristic minimal spatial volume.
The issue of reference frames becomes relevant when we need various frames for different types of interesting quantum dynamics of the same system. In our example case, one may wish to explore the quantum dynamics of the Klein-Gordon field in the background of the quantum spacetime. In the following, we will use our approach to recover the existing results and also obtain the unexplored dynamics with a reference frame-independent physical Hilbert space. For this goal, we now apply our algorithm using the transition amplitudes given by (III.9) as the input.
Rigging Map Matrix Elements
With α ≡ 48πG/γ 2 and β ≡ 4πGγ 2 /3, the rigging map (III.9) can be written aŝ
Thus, the values of this rigging map's matrix elements in an arbitrary basis such as {|v, φ } or {|b, φ } are given by v, φ|Ω, P φ ≡ v|Ω φ|P φ or b, φ|Ω, P φ ≡ b|Ω φ|P φ . They are already provided by the existing analytic calculations [28] [? ] in the form
where the F |Ω| (v) and G |Ω| (v) are real and exactly solved in Ref. [28] .
Still, the perturbative expansions of b|Ω and v|Ω in terms of and l p are important for understanding the results of our computations, and here we will simply take a look at the few lowest orders. First, according to (III.4), we havê
and it is straightforward to show that the normalized eigenstates ofΩ are given by
Then we may find the value of v|Ω = √ v v| * Ω as given by
which can be evaluated using (III.5) and (III.11). In doing so, one can see that for any given Ω and v there is always a pair of values {b +(Ω,V ) ∈ I + , b −(Ω,V ) ∈ I − } for b giving the points of the stationary phase via satisfying
The solutions are given by the expected semiclassical relation
Since ∂ b θ is of the order of O(β −2 −1 ) = O(l −2 p ), we may apply the stationary phase expansion to (III.12) and obtain
Here f (b) can be any smooth function with ∂ b f being of the order of O(l 0 p ). This finally leads to
Having enough control over the matrix elements ofP, we are ready to apply our algorithm.
To derive a Schrödinger theory for the gravitation and scalar field, we will be using, respectively, the scalar field sector and the gravitational sector as the background sector. Since there is only one scalar constraint, we expect to choose only one background field operator to define a proposed physical time.
Quantum Gravity withT ≡φ +
We first study the gravitational quantum dynamics in the model using the scalar field sector as the background sector, and so we set {(X I ,P I )} ≡ {(V ,Ω)} and {(X µ ,P µ )} ≡ {(φ,P φ )}.
Following the paradigmatic setting for comparisons, we look for a Schrödinger theory that has the semiclassical limits of a Hamiltonian theory in the reduced phase space (V, Ω), with the background sector satisfying φ(t) = t under the physical time t.
We now use the guidance proposed earlier for choosing the background operatorT . Clearly, according to the form of the classical scalar constraint (III.1), each given set of values to (V, Ω)(t) and φ(t) = t corresponds to two points on the constraint surface given by the two constraint solutions ±P φ (t) > 0. Therefore we are instructed to use T ≡ Θ(P φ ) φ ≡ φ + . For a natural quantization of this T , we constructT (φ,P φ ) ≡φ + such that
Here the linear operator Θ We now set T (t) = t with t being the proposed physical time. Introducing the abbreviated notation |x |t ≡ |x | x=t , we have S t = Span{|Ω, φ + |t }. The relevant transition amplitudes can be computed as
We then try to solve Eq. (II.1) which now takes the form
and has an obvious solution
Next, we examine the condition (II.2) using this solution for Λ t and (III.19), and we find
The result indeed satisfies (II.2), and therefore we have D t = D t ′ >t ≡ D + , and so the proposed t serves as a physical time for a Schrödinger theory of gravity.
We have thus identified a Schrödinger theory with the physical time t associated with the background φ + (t) = t; the theory represents each of the physical states Ψ D + ∈ D + with the wave functions of the forms Ψ D + Ω Λ (t) and Ψ D + p Λ (t), respectively using the eigenbasis of the complete sets of observablesΩ Λ (t) andp Λ (t).
From the elements of the propagator
, we finally extract the physical Hamiltonian
governing the evolution of these wavefunctions. Therefore, this Schrödinger theory truly has the semiclassical limits of the Hamiltonian dynamics in the reduced phase space (V, Ω), governed by the
, under the background described by the assigned φ(t) = t and the dependent P φ (t) = H (t) . Actually, this result exactly agrees with the physical Hamiltonian obtained from applying the paradigmatic quantization to this same model [28] .
All the established results [27] [28] in the paradigmatic FRW loop quantum cosmology are thus reproduced through our approach. Particularly, in our Heisenberg picture, a physical state Ψ ′ ∈ D + sharply peaked in the pair Ω Λ ,p Λ )(t 1 ) around a large value of p will remain sharply peaked in Ω Λ ,p Λ )(t) for the remaining values of t. These peaks define a trajectory of semiclassical cosmology, which agrees with the FRW universe in the large p limits with lim p→∞ H (t) = β −1 |cp|.
The holonomy corrections as the higher-order terms in the curvature c become important in the small p region, such that the familiar initial singularity is replaced by a cosmic big bounce of the scale factor. Indeed, one can see easily that each trajectory consists of a branch of the collapsing Θ(P φ ), enforcing the classical hyperbolicity in the classical limits, is also necessary for the quantum hyperbolicity at the purely quantum-level.
Quantum Modified Klein-Gordon Theory withT ′ ≡V +
We now switch to another type of dynamics not covered by the paradigmatic FRW LQC:
the quantum dynamics of the scalar field under the gravitational background. For this we set {(X I ,P I )} ≡ {(φ,P φ )} and {(X µ ,P µ )} ≡ {(V ,Ω)}. Since the volume scale of the space is often used to label cosmic time for many cosmological models, we will look for a Schrödinger theory that has the semiclassical limits of the Hamiltonian theory in the reduced phase space (φ, P φ ), with the background sector satisfying V (τ ) = τ under the physical time τ .
Again, we first look at the form of the classical scalar constraint (III.1) for guidance on the background operatorT ′ ; it is clear that each given set of values for (φ, P φ )(τ ) and V (τ ) = τ corresponds to four points on the constraint surface given by the constraint solutions with the four combinations between ±Ω(t) > 0 and ± cos(b/ )(t) > 0. Therefore, we are instructed to select only one of these combinations, and here we choose to set
For a natural quantization of this T ′ , we constructT ′ (φ,P φ ) ≡V + such that
We now set V + (τ ) = τ for the proposed physical time τ . Note that theV + andV share the same eigenspectrum, so τ takes values in the discrete set {τ n = 2πγl 2 p √ ∆(1 + 2n)}. Using S τ = Span{|V +|τ , P φ }, we then calculate the corresponding relevant transition amplitudes via (III.10) and (III.11), and we obtain:
We then solve Eq. (II.1) and find a solution
Next, we examine the condition (II.2) using (III.24) and (III.25), and we find
(III. 26) and the condition (II.2) is indeed satisfied. So, we have D τ = D τ ′ >τ ≡D + , and this τ serves as a physical time for a Schrödinger theory of the scalar field.
We have thus identified a Schrödinger theory with the physical time τ associated with the background V + (τ ) = τ ; the theory represents each of the physical states ΨD + ∈D + with the wave functions of the form ΨD + P Λ φ (τ ) and ΨD + φ Λ (τ ), respectively, using the eigenbasis of the complete sets of observablesP Λ φ (τ ) andφ Λ (τ ). We now have the elements of the propagator T τ ′ ,τ (P
Defined with a discretized notion of time, the propagator takes the form
The corresponding physical HamiltonianĤ (τ ) can thus be obtained by the values ofθ + (P φ , τ ) already obtained analytically, which according to (III.16)
Thus the physical Hamiltonian satisfieŝ
Note that this Hamiltonian governs the quantum theory of the scalar field, which has the quantum fluctuations of O( ), and so the much smaller error term of O(l 2 p ) may be thought of as a part of the quantum gravitational effect which we may ignore here. Further, for a given moment τ = V (τ ) we can introduce a physical state of which the energy is bounded by a dimensionless parameter ǫ, and it is given by
According to (III.14) this state satisfies
It is then straightforward to check that we havê
Now we can see the following. The semiclassical limits of this Schrödinger theory is a reduced phase space Hamiltonian theory governed by H (τ ) (P φ , φ). Each moment of time τ is associated with a growing energy scale, above which the scalar field starts detecting the quantum nature of the gravitation background. Indeed, for a low-energy state at τ , given by ǫ ≪ 1, the reduced phase space Hamiltonian becomes
τ , which is for the standard homogeneous Klein-Gordon theory in the smooth FRW universe, under the background with the assigned V (τ ) = p 3/2 (τ ) = τ and the dependent Ω(τ ) = p(τ ) c(τ ) = β|P φ (τ )|. The high-energy states with ǫ > 1 at the moment τ would receive holonomy corrections of O(ǫ 2 ), in two different ways. First, the dispersion relation of the modes is drastically corrected, leading to the ultraviolet cutoff in energy as can be seen from the boundedness of b + (Ω (P φ , τ )/ . Second, the gravitation background also deviates from the smooth FRW spacetime, now with the assigned V (τ ) = p 3/2 (τ ) = τ and the dependent
Lastly, let us again observe that the exact form of the quantum backgroundT ′ -which shapes the precise details of the above dynamics-interlocks tightly with the demand of the quantum unitarity.
Without using the guiding principle in the beginning, we may have instead chosenT ′ ≡V and set 
Transformation between the Reference Frames
A physical stateΨ D + ∩D + ∈ D + ∩D + is described by both of the two Schrödinger theories we have just derived. It is then important to study the relation between the two descriptions.
Let us first compute the matrix P Λ φ (τ ) Ω Λ (t) involving the relevant transition amplitudes between S τ and S t ; according to (II.5), it is given by
The subspace D + ∩D + , where Ω Λ (t) > 0 and P Λ φ (τ ) > 0 are satisfied, is clearly where this matrix becomes unitary. Related by this unitary transformation, the two wave functionsΨ
the two quantum reference frames associated with the backgrounds φ + (t) = t and V + (τ ) = τ .
To study the semiclassical limits of this transformation, we pick a state that is semiclassical at the moment of time t 0 , and then study its description in the other frame at the moment of time τ 0 . We first choose the physical stateΨ D + ∩D + to be sharply peaked in the canonical conjugate
, the wave packet has the width of σ ∼ l p . We denote such a wave packet state as |(P V 0 , V 0 , σ) Λ (t 0 ) and express it as (z being an normalization constant)
To use the transformation formula (III.33), we make the following change of basis:
(III. 35) In the last identity, we set b 0 ≡ b +(Ω 0 ,V 0 ) and apply the stationary phase approximation given in (III.15), with the f (b) being the Gaussian distribution.
Introducing the quantities βP φ 0 ≡ Ω 0 , φ 0 ≡ t 0 , and V 0 ≡ τ 0 and recalling the fact that
, we now use (III.33) to perform the frame transformation and obtain the description of the state at the moment τ 0 as
As shown above, the physical state is also peaked in the conjugate pair of observables (P φ ,φ, ) Λ (τ 0 )
around the values (P φ 0 , φ 0 ) with the width denoted as σ ′ . The value of σ ′ can be estimated to be
We now make the following observations. First, in the limit of → 0, the above transformation indeed recovers the corresponding classical reference frame transformation from (P V 0 , V 0 , t 0 ) to (P φ 0 , φ 0 , τ 0 ). Second, at the late enough moments with τ 0 cos(
That is, our physical stateΨ D + ∩D + gives the gravitational evolution as a sharp trajectory, yet it gives a highly quantum evolution for the scalar field. This gives a concrete (though symmetryreduced) scenario of a quantum field theory in an effective semiclassical spacetime emerging from a fully quantized gravity-matter coupling system. Third, the relation between the magnitudes of the quantum fluctuations in the gravitation and scalar fields is not constant but evolving dynamically.
Particularly, as suggested by (III.37), in the cases near the big bounce with τ 0 cos(b 0 / ) ∼ β the hierarchical relation between the two may even be inverted by the loop corrections. Lastly, the transformation between the quantum reference frames yields not only the widths and expectation values of the wave packets in the two frames but also the valuable details about the shapes of the wave packets. In this example, the Gaussian wave packet state (III.34) in (P V , V ) transforms to the non-Gaussian wave packet state in (P φ , φ) of the form (III.36) with the distortions given by the functions b + (βP φ , τ ) and B + (βP φ , τ ).
Quantum Cauchy Surfaces, Global Hyperbolicity and Relational Dirac Observables
We now explicitly write down the ingredients of the Dirac theory that have been implicitly determined by our calculation above. Recall that the rigging map elements define our physical
Hilbert space H ⊂ K * and supply it with the inner products according to (I.1). It is then straightforward to check that H has an orthonormal basis given by |αP φ | −1
2 Ω, P φ | ; |βP φ | = |Ω| , which we may denote as either |±, P φ ) or |Ω, ± ) since the absolute values of the two arguments are constrained by one another. We have obtained the quantum Cauchy surfacesΠ t : D + → S t and Π τ :D + → S τ providing a global hyperbolic foliation to, respectively, the quantum spacetimes in D + andD + . In reverse, one can applyP to S t and S τ and verify that we have D + = Span |Ω, + )
andD + = Span |+, P φ ) .
According to (II.3), the relational observables Ω Λ ,p Λ )(t) and φ Λ ,P Λ φ (τ ) are of the forms
One can further express these in terms of the kinematic complete sets and obtain
where we have used the notationŝ
based on their verifiable semiclassical limits, with the dots denoting the differentiation with respect to the λ. We can see now these observables are truly quantum relational observables representing the gauge-invariant phase space functions
where λ serves as the parameter of the group generated by C. In this form, the quantum Cauchy surfaces serve as fundamental objects in providing the relational observables faithfully representing Ω ,p and φ ,P φ . This then allows the emergence of the Schrödinger theories from the timeless Dirac theory.
Finally, the full physical Hilbert space H = D + ∪ D − =D + ∪D − contains both of the "+"
and "−" branches of the Schrödinger theories. This means that every quantum state in either branch of the quantum gravity theories, or in either branch of the deformed Klein-Gordon theories, represents exactly one physical state in H. Further, a physical state in any one of the subspaces set of observables in D t can be induced by a complete set of self-adjoint operators in the "quantum reduced phase space" S t , and these are the elementary quantum relational observables defined with a specified background value T = t. Altogether, we have formulated an exact notion of quantum reference frames for the timeless canonical quantum gravity, through which the Schrödinger theories under various notions of physical time can be calculated from just the elements ofP.
In this paper, we have demonstrated its application to the FRW loop quantum cosmology with a massless Klein-Gordon scalar field. From the transition amplitudesP of the model, we derived two interesting Schrödinger theories in two quantum reference frames: the quantum gravidity theory in the reference frame specified by the scalar field background, and the modified Klein-Gordon theory in the reference frame specified by the gravitation background. The descriptions in the different reference frames reveal a wider and deeper view of the quantum geometric effects introduced in the loop quantization, and the effects manifest in different forms of quantum dynamics. Viewed in the two frames, the quantum geometry causes the big bounce resolution of the initial singularity in the gravitation evolution, the time-dependent high-energy deformation of the Klein-Gordon field evolution, and also the time-dependent correlation between the quantum fluctuation scales in the two dynamics.
Under the development of increasingly realistic and sophisticated quantum cosmological models [35] [36][37] [38] [39], we are starting to confront the cases in which the solution space of the quantum constraints is not well understood. That means we are no longer given a clear characterization of the physical states, such as the mentioned conserved currents, as the tools for extracting the Schrödinger dynamics. This situation calls for a fundamental and computable approach to the emergence of Schrödinger dynamics. Since in most of these models the transition amplitudes P are well defined and can be calculated perturbatively, the quantum Cauchy surfaces are predominantly meaningful among them. Therefore, our algorithm may fulfill the demand to extract these model's dynamics in a universally manner, describing them using the elementary relational Dirac observables. Particularly, the algorithm can be carried out order by order within a perturbation scheme for the transition amplitudes, leading to the corresponding perturbation expansion of theΛ; Meanwhile, by construction, the elementary observable algebra (II.4) will remain order-independently exact, so that the perturbation becomes that of the propagator in an ordinary Schrödinger theory.
Viewed from the full theories' perspective, our approach is especially meaningful to loop quantum gravity [40] [41] [29] . The theory is built from a robust kinematic Hilbert space K with a basis given by "spin-network states," each of which is defined with a colored graph consisting of oriented edges and vertices in the spatial manifold. This space K is equipped with a complete set of self-adjoint gravitation and matter operators, built from the conjugate pairs of flux and holonomy variables associated with the graphs of the states. The flux-holonomy quantum algebra offers a compelling background independent description of the system: the gravitational coloring describes the spatial quantum geometry [42] [43], with the quanta of the area and volume, respectively, carried by the edges and nodes, and the matter coloring describes the matter content's flux or holonomy excitations [44] upon the spatial quantum geometry. It is thus desirable for this fluxholonomy algebra to survive in the physical level, so it can take fundamental roles in the dynamics of the Universe. Also, the concrete formulations [7] [8] [9] ofP in loop quantum gravity advance remarkably in both covariant and canonical formulations. In the spin-foam models [7] [9], each amplitude is formulated as an expansion of the sum over the "spin foams" connecting the initial and final spin-network states; each spin foam denotes a product of vertex and face amplitudes under analogous Feymann rules. In the canonical approach, the successful construction of the quantum constraints {Ĉ µ } acting on the spin-network states has also led to a perturbative construction [7] [8] of the rigging map operatorP, making it possible to calculate the elements and derive a spin-foam model from the canonical theory. These developments call for a satisfactory deployment of theP to obtain the physical dynamics. As demonstrated in our earlier works [11] [12] [13] , our proposal may offer such a universal way to cast the full theory into Schrödinger theories in variable reference frames, the instantaneous physical degrees of freedom of which are explicitly captured by the spin-network states lying in the quantum Cauchy surfaces, and so the flux-holonomy algebra of quantum geometry may become the fundamental algebra of the observables.
We thus invite the reader to make use of this algorithm to its full conceptual and practical potential.
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